Abstract. We briefly review our results on the Lie theory underlying vector bundles over Lie groupoids and Lie algebroids, pointing out the role of Poisson geometry in extending these results to double Lie algebroids and LA-groupoids.
Lie groupoids and Lie algebroids in mathematics and physics
Lie groupoids are categorified manifolds which offer a common framework for various classical geometries, such as group actions, fibrations and foliations, codifying internal and external symmetries. Lie groupoids also play a key role as models for singular spaces, either regarded as generalized atlases (as set forth by Grothendieck), or by providing noncommutative models via their convolution algebras [13, 15] . Lie algebroids are their infinitesimal counterparts; they generalize tangent bundles and Lie algebras, and bear intimate connections with Poisson geometry [13, 16] .
The relevance of Lie groupoids and algebroids in mathematical physics is a natural consequence of the deep ties between classical mechanics and Poisson geometry, and between quantum theory and noncommutative geometry; for example, Lie groupoids and algebroids arise in geometric mechanics [36] , as part of quantization schemes [6, 23] , and in the theory of sigma models [7, 14] . Lie groupoids form a 2-category which is also central in the study of higher geometric structures, with applications to higher gauge theory [5] .
There is a rich Lie theory relating Lie groupoids and algebroids, including subtleties not present in the usual theory of Lie algebras and Lie groups. Every Lie groupoid G ⇒ M gives rise to a Lie algebroid A G ⇒ M , and Lie's first theorem (Lie I) holds in this context: If a Lie algebroid A admits an integration G, then there is a unique source-simply-connected one G A such that any other is the quotient G A → G by a subgroupoid with discrete isotropies. The analogue of Lie's second theorem (Lie II) also holds, namely, if G is source-simply-connected then every morphism of Lie algebroids A G → A H lifts to a groupoid map G → H in a unique way [31] . But Lie's third theorem (Lie III) does not hold in this generality: not every Lie algebroid is integrable. The precise obstructions to integrability were described in [17] in terms of the discreteness of certain monodromy groups.
The differentiation and integration procedures relating Lie groupoids and algebroids have several important applications; in particular, understanding the globalinfinitesimal correspondence of structures such as tensors, cohomologies, representations, actions and foliations, have drawn much recent attention, see e.g. [1, 4, 10, 12, 18, 22, 24, 30, 31, 32] . This includes far-reaching generalizations of the results relating Lie bialgebras and Poisson Lie groups, Poisson manifolds and symplectic groupoids, as well as the Van Est theorem in classical Lie theory.
In this brief note we outline the Lie theory of vector bundles over Lie groupoids and algebroids developed in [11] and discuss further applications to the study of more elaborate double structures [25, 27] .
Vector bundles over Lie groupoids and Lie algebroids
VB-groupoids and VB-algebroids [28, 20] can be thought of as (categorified) vector bundles in the realm of Lie groupoids and Lie algebroids. They are simple examples of double structures, i.e., manifolds coupled with two different structures which are suitably compatible; these naturally arise e.g. in Poisson Lie group theory [26, 29] (as Lie bialgebroids and double symplectic groupoids), or in the study of higher structures (see e.g. [5] and references therein).
Definition 2.1. VB-groupoids and VB-algebroids are defined by diagrams as below, where ⇒, ⇒ and → are used to denote Lie groupoid, Lie algebroid and vector bundle structures, respectively:
Here the vector bundle structural maps (projection, zero section, sum, scalar multiplication) are required to define Lie groupoid / Lie algebroid morphisms.
Details on the definitions and other viewpoints can be found in [20, 21] . One of our main contributions in [11] was a drastic simplification of the existing definitions, which allowed us to avoid dealing with several compatibility conditions when addressing the differentiation and integration of these objects.
VB-groupoids and VB-algebroids have been extensively studied in recent years, largely due to their ties with Poisson geometry and higher representation theory. We mention here two fundamental examples of VB-groupoids -there are analogous constructions for VB-algebroids.
Example 2.2.
• The tangent and the cotangent bundles of a Lie groupoid G ⇒ M :
• For a linear representation of a Lie groupoid (G ⇒ M ) on a vector bundle (E → M ), the corresponding action groupoid is a VB-groupoid:
Two extreme cases are when the groupoid is a manifold, and the representation is just a vector bundle, and when the groupoid is a group, in which case the notion of representation agrees with the usual one.
There is an important hidden piece of structure on VB-objects, the so-called core, which is a vector bundle C → M over the base manifold defined as follows: In the case of a VB-groupoid, the core is the kernel of the source map of Γ restricted to the units M , and for VB-algebroids it is defined as the intersection of the two vector bundle projections defined on Ω. The core of the tangent groupoid is A G → M and the core of the cotangent groupoid is T * M . There is an nontrivial duality theory for VB-objects, in which the roles of the core and side bundles are interchanged.
In the example of linear representations the core is 0 and, conversely, every VBobject with core 0 can be seen as a linear representation. In general, when nontrivial cores are present, VB-objects codify "higher representations": as proven in [20, 21] , there is a one-to-one correspondence between isomorphism classes of VB-objects and of 2-term representations up to homotopy [2, 3] ; in the case of groupoids, these are certain non-associative actions, whereas in the case of algebroids they are described by non-flat connections. Representations up to homotopy are fundamental in the theory of Lie groupoids and algebroids, as they are needed to make sense of such basic objects as the adjoint representation.
In [11] , we establish the following fundamental infinitesimal-global correspondence for VB-objects; its proof rests on a simplified approach to VB-objects, recalled in the next section. Theorem 2.3.
• Differentiation: Let Γ ⇒ E be a VB-groupoid over G ⇒ M . Then the Lie algebroid A Γ ⇒ E is naturally a VB-algebroid over A G ⇒ M .
• Integration: Let Ω ⇒ E be a VB-algebroid over A ⇒ M . If Ω is integrable, then its source-simply-connected integration G Ω ⇒ M becomes a VB-groupoid over the source-simply connected integration G A ⇒ M .
This result underlies the proofs of various theorems concerning the Lie theory of multiplicative structures on Lie groupoids, such as foliations [24] and more general Dirac structures [33] . It also leads to new results regarding the integration theory of representation up to homotopy, parallel to the formal viewpoint of [4] . The description of obstructions to integrability (in the sense of [17] ) in the context of VB-algebroids is presented in [8] .
Smooth vector bundles revisited
In a smooth vector bundle, the operation of fibrewise addition turns out to be determined by scalar multiplication, x → h λ (x) = λx; this follows from the fact that the map x → d dλ λ=0
h λ (x) identifies points of the total manifold with tangent vectors sitting at the zero section. Of course not every action of the multiplicative monoid (R, ·) on a manifold D, h : (R, ·) D, h 1 = Id, h λµ = h λ h µ , corresponds to scalar multiplication relative to a vector bundle structure on D. A simple counterexample is given by (λ, x) → λ 3 x over the real line. The following result provides a characterization of vector bundles by means of (R, ·)-actions.
Theorem 3.1 ([19]). A smooth action (R, ·)
E is the scalar multiplication relative to a vector bundle structure on E over the fixed points h 0 (E) if and only if it satisfies the regularity condition
This result allows us to rephrase the theory of vector bundles solely in terms of regular actions, which is convenient from a categorical viewpoint. For example, a vector bundle map is the same as an equivariant map, a subbundle is an invariant submanifold, etc. More importantly, it leads to a simplified approach to more elaborate objects, such as double vector bundles -which are described just as a pair of regular commuting actions [19] .
The previous characterization of vector bundles is an echo of a deeper phenomenon. The category of differential graded (super)manifolds can be seen to be equivalent to the category of manifolds equipped with an action of End(R 0|1 ), the inner hom of endomorphisms of the odd line. The monoid (R, ·) represents the body of End(R 0|1 ) and is responsible for the grading -and vector bundles are just graded manifolds generated in degrees 0 and 1. A first extension of the previous theorem along these lines is developed in [9] .
In order to extend the above characterization of vector bundles to the context of Lie groupoids and algebroids, it is instructive to outline the main facts underpinning it: out of any smooth action h : (R, ·) D, we obtain
• an embedded submanifold of fixed points,
The key observation, leading to the proof of the previous theorem, is that the vertical lift map is a diffeomorphism if and only if the action is regular; in this case, it identifies D with V h D.
The construction of the fixed-point submanifold and of the vertical bundle can be naturally expressed as fibred-product constructions. Thus, through a careful analysis of fibred products in the categories of Lie groupoids and algebroids, one verifies that, when D is replaced by a Lie groupoid or algebroid, the main facts above lead to the following simplified formulations of VB-groupoids and VB-algebroids [11] :
• A VB-groupoid is the same as a regular action (R, ·) (Γ ⇒ E) by Lie groupoid morphisms.
• A VB-algebroid is the same as a regular action (R, ·)
(Ω ⇒ E) by Lie algebroid morphisms.
Hence VB-groupoids and VB-algebroids are simply Lie groupoids and Lie algebroids equipped with an additional compatible action of the monoid (R, ·). From this viewpoint, the Lie-theoretic correspondence between VB-groupoids and VBalgebroids becomes a lot more transparent, since it boils down to the study of differentiation and integration of a single map (the action), that is covered by Lie II, along with an analysis of the behavior of regularity of actions under these procedures.
Double structures and the algebroid-Poisson duality
Our results, described in Theorems 2.3 and 3.2, find applications in the study of more general double structures -those where the additional structure on a Lie groupoid or algebroid is not just that of a vector bundle, but a Lie algebroid. The key to our approach is a duality that is central in Poisson geometry and extends the correspondence between Lie algebra structures on a vector space V and linear Poisson brackets on C ∞ (V * ), which we now recall.
A Lie algebroid structure on a vector bundle A → M is the same as a Poisson structure on A * that is linear, in the sense that the bracket with a (fiberwise) linear function preserves linear and basic functions. This dual viewpoint to Lie algebroids, in terms of Poisson structures, is often advantageous; e.g., Lie algebroid maps (which can be complicated to work with) may be seen as linear maps whose dual relations are coisotropic submanifolds. In terms of (R, ·)-actions h, linear Poisson structures are characterized by the fact that (h λ ) * π = λπ, so we have the following equivalent approaches to Lie algebroids:
In this spirit, by dualizing the double vector bundle underlying a VB-algebroid, one obtains a profitable alternative characterization of VB-algebroids as objects dual to double linear Poisson structures:
(
This viewpoint, as well as its formulation in terms of (R, ·)-actions, are important in establishing the algebroid counterpart of Theorem 3.2.
Moving further into the world of double structures, we pass from VB-algebroids to "LA-algebroids", better known as double Lie algebroids [25, 26, 27] : these are compatible diagrams of Lie algebroids,
Paradigmatic examples are the tangent bundle of a Lie algebroid and the cotangent bundle of a Lie bialgebroid. Double Lie algebroids, in their original formulation [25, 27] , are rather intricate objects, involving subtle compatibility conditions. By resorting to the algebroidPoisson duality, we obtained in [11, Sec. 5.2] an easier-to-handle approach: double Lie algebroids are dual to PVB-algebroids, which are VB-algebroids as in Def. 2.1 for which Ω is equipped with a Poisson structure π which is linear with respect to Ω → A and makes (Ω ⇒ E, π) into a Lie bialgebroid. Making use of our previous characterization of VB-algebroids, one can go a step further and view PVB-algebroids as Lie bialgebroids (Ω ⇒ E, π) endowed with a regular action h : (R, ·)
(Ω ⇒ E) such that (h λ ) * π = λπ. Double Lie algebroids arise as infinitesimal versions of double Lie groupoids (certain strict models of 2-groupoids). The problem of integrating a double Lie algebroid to a double Lie groupoid, however, is not fully understood yet (see [34] ). But this integration problem can be split into two steps, involving an intermediate object:
Double Lie algebroids LA-groupoids Double Lie groupoids
As an application of our results, we solved the first integration in this sequence [11] :
Theorem 4.1. If the total algebroid of a double Lie algebroid is integrable, then its source-simply-connected integration is an LA-groupoid.
An LA-groupoid [25] is a compatible diagram of Lie groupoids and Lie algebroids:
These objects play a role in modeling Lie algebroids over stacks [35] . By means of the algebroid-Poisson duality, an LA-groupoid admits a simpler description as a VBgroupoid whose dual is equipped with a linear Poisson structure that is multiplicative (a Poisson groupoid); this dual object is referred to as a PVB-groupoid [26] .
In [11] , we introduce PVB-algebroids and characterize both PVB-groupoids and PVB-algebroids by using regular (R, ·)-actions; we prove that differentiation and integration behave naturally with respect to duality, and conclude that the Lie theory for LA-groupoids and double Lie algebroids, as in the previous theorem, is equivalent to the Lie theory of regular actions on Poisson groupoids and Lie bialgebroids,
which we establish in [11] . The next integration, from LA-to double groupoids, involves additional topological issues yet to be clarified.
